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Abstract. Let & be a connected graph with vertex set V(G) and edge set £(G). The distance
between vertices u and v in G is denoted by d{u,v). which serves as the shortest path length
}m uto v, Let W = fw,w,.owy} = V() be an ordered set, and v is a vertex in . The
representation of v with respect to W is an ordered set k-tuple, r(v/W) =
(ed(v,wy ), d(v,wa),...,d(w)). The set Wis called a complement resolving set for G if there are two
vertices u.ve G\W, such that r{e/W)=r(v/W). A complement basis of G is the complement
resolving set containing maximum cardinality. The number of vertices in a complement basis
of G is called complement metric dimension of G. which is denoted by dim(G). In this paper,
we examined complement metric dimension of particular tree graphs such as caterpillar graph
(Cyn)s firecrackers graph (F), ), and banana tree graph (B,,,). We got R_LEHC,,, al = min+l)-2
for m=1 and n=2, ELT‘."_L(F,,,_J = m(n+2)-2 for mz1 and n=2, and miBm,.} = min+1)-1 if m=1
and m=32.

1. Introduction

Metric dimension was first mentioned by Harary and Melter at 1976 [4]. Generally, the definition of
metric dimension is the minimum cardinality of resolving set on a graph. The idea of resolving sets
first appeared in two papers by Slater [16, 17]. He introduced the concept of a resolving set for a
comnected graph under the term locating ser and minimum resolving set as reference ser. Then he
called the minimum cardinality of resolving set (reference set) by location number. In this paper we
use the terminology of Harary and Melter which is metric dimension§)

Chartrand, er al. [3] defined metric dimension as follows. Let G be a connected graph with vertex
set V(@) and edge set E(G). The distance between vertices t and v in & is denoted BB d(u, v}, which
serves as the shortest path length from to u to v. Let W = {w,,w,, ..., wi} € V(G) be an ordered set.
and v is a vertex in G. The representation of v with respect to W is an ordered set, r(v|W) =
(d(v,wy),d(v,ws),...,d(v,w;)). The set W is called a resolving set for G it each vertex in G has a
different representation with respect to W. A resolving set containing minimum cardinality is called a
basis for . The number of vertices in a basis of G is called metric dimension of G, which is denoted
by dim(G).

There are many researches on metric dimension of graph. Poisson and Zhang [10] found the lower
bound and upper bound for metric dimension of unicyclic graphs. Then Chartrand, ef al. [3] develoffdd
their research by getting the dimensions of tree and unicyclic graphs. They also presented the
characterization of graph with certain metric dimension. Then Sebo and Tanner [15] defined the
terminology of strong metric dimension on graph which then developed by Rodriguez, @ al. [13] by
getting the strong metric dimension of strong product graphs and Oellerman, ei al. [8] by
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getting the strong metric dimension on graphs and digraphs. The paper by Dorota Kuziak, et
al.|7] also found the strong metric dimension of corona product graphs. The concept of meffic
dimension also developed by Okamoto, et al. [9] into local metric dimension and they found the
characterization of graph with certain local metric dimension. Rodriguez, et al. [12] also
developed this research by getting the local metric dimension of corona product graphs while
Iswadi, er al. [6] got the metric dimension of corona product graphs. Rodriguez, er al. [14]
(rther the research by getting the dimensions of rooted product graphs. Baca, et al. [2] got
the metric dimension of regular bipartite graph, Ali, ef a/. [1] found the metric dimension of
some graph containing the cycle. Furthermore, the similarity of metric dimension and local
metric dimension were explored by Susilowati, et al. [18]

The concept of complement metric dimension was introduced by Susilowati, er al. [19] by
developing the concept of metric dimension. If the concept of metric dimension applies a set such that
each vertex in the graph can be distinguished by the set, then the opposite concept is that a set ensuring
at least two vertices that are regarded the same by the set. Such set is called complement resolving set,
and the maximum cardinality of the complement resolving set is called complement metric dimension
[19].

Susilowati, ef al. [19] built a definition of complement metric dimension as follows. Let G be a
connected graph Entaining more than two vertices with vertex set V(&) and edge set E(G). The set
S C V(G) is the complement resolving set of & if there are two vertices u, v € V(G)\S, such that
r(u|S) = r(v|S). The complement basis of G is complement resolving set that have maximum
cardinality. The number of vertices on the complement basis of & is called the complement metric
dimension of G, denoted by dim(G) [19].

Permana [11] did a research on metric dimension of particular tree graph namely banana tree graph,
caterpillar graph, and firecrackers graph. WhilefBusilowati ef al [19] did a research regarding
complement metric dimensiofffpf graphs such as path graph, cycle graph, star graph, and complete
graph. Furthermore, they also determined complement metric dimension of corona and comb product
graphs.

So far the research on complement metric dimension of tree graphs has not been found. Therefore,
in this paper we analyze the complement metric dimension on tree graph especially on caterpillar
graph, firecrackers graph, and banana tree graph.

E
Definition 1 [19].¥w0 distinct vertices u and v of graph G is called twin if % and v have the same
neighborhood in V(G) — {u, v}, then they are called true twin or false twin if u and v are adjacent and
twin or u and v are not adjacent and twin, respectively.

The following lemma describe the properties of twin that are discovered by Hernando et al [5]
Lemma 1 [5]. If u and v are twin in graph G, then d(u, x) = d(v, x) for every vertex x in V(G) —
{u, vl
Observation 1 [19]. The maximum of complement metric dimension of a graph of order nis n — 2

2. Complement metric dimension of caterpillar graph
Before we dicuss about caterpillar graph, we must know about the star graph first. A star graph is a
graph with one central vertex c that is connected to n pendant vertices. A caterpillar graph obtained by
connecting the central vertices of the star graphs in sequence. The connected central vertices in
caterpillar graph is called the backbone vertices. If the number of pendant vertices that is connected to
a central vertex is the same then the caterpillar graph is called regular caterpillar graph. Otherwise, it is
called irregular caterpillar graph.

The complement metric dimension of regular caterpillar graph is presented as below.
Theorem 1. If €y, ;, is a regular caterpillar graph with m backbone vertices and n pendant vertices,
then dim(Cpnn) = m(n + 1) gR.form > 1and n > 2.
Proof. Let V(Cpn)={cli=12 ..m}ufayli =12, ..,mj=12..,n} and E(Cpy)=
{cicinli=12,..m-1U{aa;li=12..mj=12..n}. I W=V(Cnn)\{a1 a2} =
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{c1,a13, 14, ) @1ps €20 Q215 G237, vy Aans ooy € Aty Amzs e @} then  we  have aq1,a1z €
V(Cmn]\W such that (a1 |W) = r(a, W) =(1,2,..2,2333,...,33444, ....4,...,m+ 1). Based
on Observation 1, the maximum of complement metric dimension of regular caterpillar graph is
|V(len)| —2=mm+1)— 2. Hence, W is complement basis of C,,, and %(len) =
mh+1)—2. =

The complement metric dimension of irregular caterpillar graph is presented as follow.
Theorem 2. If Cppnyn,, n,, is an imregular caterpillar graph then %(Cm;n-l,nz,---,nm) =(m+
Y2, n;) —2,form =1and atleastone n, =2 fork = 1,2,...,m.
Proof. Let  V(Cnnynyoom,)=1{cili =12,... m}u{e;li=12,..,mj=12,..,n} and
E(Covnyny,.ny) = {€iCi1li =12,..,m —1}U {ciay|i = 1.2,...,m,j = 1,2, ..., m;}. Let ny = 2. If
W =V(Coinyng.mn) \ {811, @12} = {€1, @42, o) Q1 Cay Qo1, A2z, o Qays s O @1, Gz, e
Gmn,,} then we have  ajq,a;5 € V(Cm;n-l,nz,...,nm )\W such that 7(aq|W) = r(a|W) =
(1,2,..2,2,3,3.3,...,3,3,444,...4,..,m+ 1). Based on Ohservation 1, the maximum of complement
metric dimension c-f irregular Cdtel’pl]]d.l’ graph is |V(C'm nyng,. ,nm]l —2=(m+ xt,;n)— 2. Hence,
W is complement basis of Cpyn, ny,..0m,, ANA dtm(Cm;n_l,nzj,_,.nm) =(m+¥tn)—-2.m

The following is the example of complement metric dimension of caterpillar graph.
Example 1. Find the complement metric dimension and complement basis of C 3.

Solution:
Qyp @13 @3 @z Qyz Gz A3 O3z d33

AN

Figure 1. Regular caterpillar graph Cs 5.

Based on Theorem 1, _LETE(CH) =3(341)—-2=10. Let W ={a,,,a,2,0,3.¢1,0z21,053,
(23, C2,031,C3}. Since A3z, Q33 € V(C33)\W and r(az,|W) = r(azs|W) = (4,4,4,3,3,3,3,2,2,1) then
W is the complement basis of C; 5.

Example 2. Find the complement metric dimension and complement basis of C3.35 4.

Solution:
@1y @y @z Az Qzz @3y @3z A3z Oza

\VAAVA2

Figure 2. Trregular caterpillar graph C3535 4.

Based on Theorem 2, dim(Ca224) =3+3+2+4—2=10. Let W = {ay;,a:2, @13, ¢4, 021, Az,
Cz,a31,a32,c3}. Since dzg, 34 € V(C"J;'szj*}\w and T'(CE33IW) = T(CL:}*IW} = (4,4,4,3,3,3,2,2,2,1)
then W is the complement basis of C3.3 24.

3. Complement metric dimension of firecrackers graph

Before we dicuss about firecrackers graph, we must know about the path graph first. A path graph of
order n (P,) is a graph connecting vertex v; to vertex v;,,,where i =1,2,...,n — 1. A firecrackers
graph obtained by taking n copies of star graphs and connecting the central vertex of a star graph to a
vertex of B,. The vertices of F, is called the backbone vertices, while the other vertices is called
pendant vertices. If the number of pendant vertices that is connected to a vertex of P, is the same then
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the firecrackers graph is called regular firecrackers graph. Otherwise, it is called irregular firecrackers
graph.

The complement metric dimension of regular firecrackers graph is presented as below.
Theorem 3. If K, is a regular firecrackers graph with m backbone vertices and n pendant vertices,
then dim(F,,,) =m(n +2)— 2, form>1andn > 2.
Proof. Let V(Fpn) gcili=12,..,m}u{ali=12,..,m}U{e;li=12..,mj=12,.,n}
and E(Fpn) = {ciciaali =12, om — U {cali= 12, ...m} U {aia;li = 1.2, ..om, j = 1.2, ..,
n}. IfW = V(ijn) \{ay1,a12} = {c1, a1, ay3,d14, -, G1y,Cz, Az, 031,877, -, Uzp, s Cops Oy By,
Amaz, ., Gmp } then we have asy,a55 € V(Fy o AW such that r(ay, W) =r(apW) = (2,12, ...2,
3,45,5,...,54,5,6,6, ...,6,...,m+ 3). Based on Observation |, the maximum of complement metric
dimension of regular firecrackers graph is |V(me)| —2=m(n+2) — 2. Hence. W is complement
basis of F, , and %(me) =mn+2)—2.m

The complement metric dimension of irregular firecrackers graph is presented as follow.
Theorem 4. If Fn.p n, n, 1s an imregular firecrackers graph then %(mebnbwnm) =
@m+yt,n)—2.form=1andatleastonen, =2fork =1.2,...,m
Proof. Let V(Fnn, ny,..np) = {cili = @R -, mIU {ali = 1,2,..., m}U {qyli = 1.2,..,m,j = 1,2,

oy and E(Fpun, ny, ) = {CiCianli =12, m — 13U {;a;li = 1,2, ..., m}U {a;a;5]i = 1.2, ..,

m,j=12,..,n}Lletng = 2. W= V(Fm;n1,nz,---,nm] \{ai1 a1z} = {e1, ay, a3, 0 @iy 02, a2,
21, G232, -, A2nys v » Oy By @1y A2y e s Ay, } then we have  aqy, a4, € V[Fm;n“nz”_mm)\w such
that r(aq1|W) = (a2 |W) = (2,1,2,...2,3,4,5,5, ...,5,4,5,6,6, ...,6, ..., + 3) . Based on Observation
I, the maximum of complement metric dimension of irregular firecrackers graph is
|V(Fm nyng- ,nm)l 2=02m+ Xt 1"1) 2. Hence, W is complement basis of Fp 5, ., and
dim (B, nyomy) = 2m+ X% n) —2. 0

The following is the example of comp]ement metric dimension of firecrackers graph.
Example 3. Find the complement metric dimension and complement basis of Fj 3.

Solution:
1y O3 Gyz Gz 031 O3z O33

YYY

Flgure 3.chu]ur firecrackers graph Fj 5.

Based on Theorem 3, E[TE(F}J'J) =3(3+2)—2=13. Let W ={ayy,a13 13,a4,€¢,Q3;, Az,
@33, A2,C, Ga1, 02,Ca}. SINCE Asp,Aaz € V(Faz)\W and 7(ax,|W) = r(as:lW) = (6,6,6,54,5,5,5,4,
3,2,1,2) then W is the complement basis of Fy 5.

Example 4. Find the complement metric dimension and complement basis of F3.324.

Solution:
13 U3 Gzz O3y 3z U3z Uza

VY Y

Flgure 4. Irregular ﬁrecmckers gmph Fiaz..
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Based on Theorem 4, d:m(F3;3’214) =2-3+3+2+4-2=13. Let W = {ay4, ay3, ay3, a1, ¢y, daq,
@23, 03,Ca, (31, U3z, A2,C2}. Since (33,034 € V[F3;3,2,4}\W and T(¢33|W} = T(aulw) =
(6,6,6,5,4,55,4,3,2,2,1,2) then W is the complement basis of F3334.

4. Complement metric dimension of banana tree graph
A banana tree graph is obtained by connecting a pendant vertex of a number of star graphs to a new
vertex called root. If the number of pendant vertices of each star graphs is the same then the banana
tree graphis called regular banana tree graph. Otherwise, it is called irregular banana tree graph.

The complement metric dimension of regular banana tree graph is presented as below.
Theorem 5. If By, , is a regular banana tree graph with m star graphs of n pendant veriices, then
E(Bnm) =mn+1)—1for@@=1andn>2.
Proofgglet V(Bpy) = {r}u{cli=12,..m}u{e;li=12,..,mj=12,..,n} and E(Bpy) =
{rapli=12,...,m}u{ca,li=12,..,m,j=12,..,n}. If w = V(ijn)\{all,alz}:
{r,c1, a3, 140 ooy A1y, €2, 821, 23, oo, Aoy oy Cop Aty Amzs ooy A} then we  have 41,0172 €
V(ijn)\W such that r(a;,|W) =r(a;|W) =(3,1,2,2,..,2,56,6,...,4,...56,6,...4). Based on
Observation 1, the maximum of complement metric dimension of regular banana tree graph is
[V(Bmn)|—2=mm+1)+1-2=m(n+1) — 1. Hence, W is complement basis of B,,, and
dtm(By,) =mn+1)—1.m

The complement metric dimension of imregular banana tree graph is presented as follow.
Theorem 6. If By n, o is an imegular banana tree graph then dim(Bp.p, n, n,) =
(m+X2,n)—1,form > 1 and at leastonen, > 2 fork = 1,2,...,m.
Proof. Let V(Bun n,.n,) = r3U{cli=12 .. m}ufa;li=12,..,mj=12 .,n;} and
E(Buynyny, ) = {ram|i = 12, .om}U{cayli=12,...0mj=12..,n}. Let n,>2. If
W= V[Bm:n-l.nz,.,.,nm) \ a1y, a2} = {1, €1, A13, 014, ., Ay, €2, G2, Q23, o, Aoy s Oy A, Az
s Ap, ) then we have  aqy,aq5 € V(Bm;n-l,nz,...,nm)\w such that 7(aq(|W) = r(a|W) =
(3,1,2,2,..,2,5,6,6, ..,4, ... 5,6,6, ...,4). Based on Observation 1, the maximum of complement metric
dimension of irregular banana tree graph is |V(Bm;n-l.n2,...,nm)| -2=01Q4m+3¥t n)—-2=
(m+ Y™, n;) — 1. Hence, W is complement basis of Bp.n,n, n, and dim(Bmm, n, n,.)=
(m+XiZin) -1 m

The following is the example of complement metric dimension of banana tree graph.
Example 5. Find the complement metric dimension and complement basis of By 5.
Solution:

Ay @y Qg3 Uz Qzz Gz Q3 O3z Uiz

r

Figure 5.Regular banana tree graph Bj 3.

Based on Theorem 5. dim(Bs:)=303+ 1D —-1=11. Let W = {r,as;,a:2,a3,C1, Q21,23
dg3z, Cz,(,[,33,(,‘3}. Since (31, U332 S V(B3J3)\W and r(a31|W) = T((L32IW) = (3,6,6,4,5,6,6,4,5,2,1)
then I is the complement basis of Bz 5.
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Example 6. Find the complement metric dimension and complement basis of B335 4.
Solution:

tyy @y Q3 ag gz Q31 @3z Ozz Oza

Figure 6. Irregular banana tree graph Bs.5 5 4.

Based on Theorem 6, dim (Ba,224) =3 +3+2+4—1=11.Let W = {r,as;,a12,a13, C1, a21, A22,
Cz, CL33,CL34,C3}. Sincc 31, d32 € V[B3;31214)\W and r(a31|W) = T(CL32 |W) = (3,6,6,4,5,6,4,5,2,2,1)
then W is the complement basis of B3.354.

5. Conclusion
Based on the discussion in this paper, we have six results on the complement metric dimension of
particular tree graphs which are:
1. dim(Cpp)=m(m+1)—2,wherem=1dann = 2
2. d'l'lﬁ(f,“.’“b“z“_u“m) =(m+3Y¥tin;)—2 for m=>1 and at least one n; =2 for k=
1,2,...,m.
3. dum(Fp,,)=m(m+ 2)— 2. wherem > 1dann >2
4, ;ﬂ;ﬁ(mesznm) =(2m+3Ein;)—2 for m=1 and at least one np= 2 for k=
12,...m
5. dim(Byy) =m(n+1)—1,where m > 1dann > 2
6. dim(Bumn,ny.n,) =(mM+Xin)—1 for m=>1 and at least one ng>2 for k=
1,2,...,m.
From the results above, we can conclude that if a tree of order m has twin vertices, then the
complement metric dimension of that tree is m — 2. This also applies to other graphs that have twin
vertices.
The development of complement metric dimension concept is necessary td@further this research.

Inspired by Sebo and Tanner [15] and Okamoto, et al. [9], we can build the concept of strong
complement metric dimension or local complement metric dimension in the next research.
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