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Abstract. Let G be a connected graph with vertex set V(G) and edge set E(G). The distance
between vertices u and v in G is denoted by d(u,v), which serves as the shortest path length
from u to v. Let W = {wy,W,,...,w} < V(G) be an ordered set, and v is a vertex in G. The
representation of v with respect to W is an ordered set k-tuple, r(vi|w) =
(d(v,wy),d(v,W»),...,d(w)). The set W is called a complement resolving set for G if there are two
vertices u,veV(G)\W, such that r(u|W)=r(v|W). A complement basis of G is the complement
resolving set containing maximum cardinality. The number of vertices in a complement basis
of G is called complement metric dimension of G, which is denoted by dim(G). In this paper,
we examined complement metric dimension of particular tree graphs such as caterpillar graph
(Cup), firecrackers graph (Fy,,), and banana tree graph (By,). We got dim(Cy,,) = m(n+1)-2
for m>1 and n>2, dim(F,,) = m(n+2)-2 for m>1 and n>2, and dim(By,,) = m(n+1)-1 if m>1
and n>2,

1. Introduction

Metric dimension was first mentioned by Harary and Melter at 1976 [4]. Generally, the definition of
metric dimension is the minimum cardinality of resolving set on a graph. The idea of resolving sets
first appeared in two papers by Slater [16, 17]. He introduced the concept of a resolving set for a
connected graph under the term locating set and minimum resolving set as reference set. Then he
called the minimum cardinality of resolving set (reference set) by location number. In this paper we
use the terminology of Harary and Melter which is metric dimension.

Chartrand, et al. [3] defined metric dimension as follows. Let G be a connected graph with vertex
set V(G) and edge set E(G). The distance between vertices u and v in G, is denoted by d(u, v), which
serves as the shortest path length from to u to v. Let W = {wy, w,, ..., wy} S V(G) be an ordered set,
and v is a vertex in G. The representation of v with respect to W is an ordered set, r(v|W) =
(d(v,wq),d(v,w>), ..., d(v,wy)). The set W is called a resolving set for G if each vertex in G has a
different representation with respect to W. A resolving set containing minimum cardinality is called a
basis for G. The number of vertices in a basis of G is called metric dimension of G, which is denoted
by dim(G).

There are many researches on metric dimension of graph. Poisson and Zhang [10] found the lower
bound and upper bound for metric dimension of unicyclic graphs. Then Chartrand, et al. [3] developed
their research by getting the dimensions of tree and unicyclic graphs. They also presented the
characterization of graph with certain metric dimension. Then Sebo and Tanner [15] defined the
terminology of strong metric dimension on graph which then developed by Rodriguez, et al. [13] by
getting the strong metric dimension of strong product graphs and Oellerman, et al. [8] by
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getting the strong metric dimension on graphs and digraphs. The paper by Dorota Kuziak, et
al. [7] also found the strong metric dimension of corona product graphs. The concept of metric
dimension also developed by Okamoto, et al. [9] into local metric dimension and they found the
characterization of graph with certain local metric dimension. Rodriguez, et al. [12] also
developed this research by getting the local metric dimension of corona product graphs while
Iswadi, et al. [6] got the metric dimension of corona product graphs. Rodriguez, et al. [14]
further the research by getting the dimensions of rooted product graphs. Baca, et al. [2] got
the metric dimension of regular bipartite graph, Ali, et al. [1] found the metric dimension of
some graph containing the cycle. Furthermore, the similarity of metric dimension and local
metric dimension were explored by Susilowati, et al. [18]

The concept of complement metric dimension was introduced by Susilowati, et al. [19] by
developing the concept of metric dimension. If the concept of metric dimension applies a set such that
each vertex in the graph can be distinguished by the set, then the opposite concept is that a set ensuring
at least two vertices that are regarded the same by the set. Such set is called complement resolving set,
and the maximum cardinality of the complement resolving set is called complement metric dimension
[19].

Susilowati, et al. [19] built a definition of complement metric dimension as follows. Let G be a
connected graph containing more than two vertices with vertex set V(&) and edge set E(G). The set
S C V(G) is the complement resolving set of G if there are two vertices u,v € V(G)\S, such that
r(ulS) = r(v|S). The complement basis of G is complement resolving set that have maximum
cardinality. The number of vertices on the complement basis of G is called the complement metric
dimension of G, denoted by dim(G) [19].

Permana [11] did a research on metric dimension of particular tree graph namely banana tree graph,
caterpillar graph, and firecrackers graph. While Susilowati et al [19] did a research regarding
complement metric dimension of graphs such as path graph, cycle graph, star graph, and complete
graph. Furthermore, they also determined complement metric dimension of corona and comb product
graphs.

So far the research on complement metric dimension of tree graphs has not been found. Therefore,
in this paper we analyze the complement metric dimension on tree graph especially on caterpillar
graph, firecrackers graph, and banana tree graph.

Definition 1 [19]. Two distinct vertices u and v of graph G is called twin if u and v have the same
neighborhood in V(G) — {u, v}, then they are called true twin or false twin if u and v are adjacent and
twin or u and v are not adjacent and twin, respectively.

The following lemma describe the properties of twin that are discovered by Hernando et al [5]
Lemma 1 [5]. If u and v are twin in graph G, then d(u,x) = d(v, x) for every vertex x in V(G) —
{u, v}

Observation 1 [19]. The maximum of complement metric dimension of a graph of order nisn — 2

2. Complement metric dimension of caterpillar graph

Before we dicuss about caterpillar graph, we must know about the star graph first. A star graph is a
graph with one central vertex c that is connected to n pendant vertices. A caterpillar graph obtained by
connecting the central vertices of the star graphs in sequence. The connected central vertices in
caterpillar graph is called the backbone vertices. If the number of pendant vertices that is connected to
a central vertex is the same then the caterpillar graph is called regular caterpillar graph. Otherwise, it is
called irregular caterpillar graph.

The complement metric dimension of regular caterpillar graph is presented as below.

Theorem 1. If C,,, , is & regular caterpillar graph with m backbone vertices and n pendant vertices,

then dim(Cpp) = m(n+1) —2,form > 1andn > 2.
Proof. Let V(Cpn) ={cli=12..m}u{a;li=12,..,mj=12..,n} and E(Cpn)=
{ciciyali =12, .. m— U {qa;li=12,..mj=12,..,n}. If W=V(Cnn)\{a11, a2} =
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{c1,a13, 14, ) Q1ny €2, 21, Q22 ooy Aoy ++or Coy At Amzs - Amn} then we  have aq1,047 €
V(Cpn)\W such that r(a;1|1W) = r(a;pIW) = (1,2,..2,2,3,3,3, ...,33,444, ....4,..,m + 1). Based
on Observation 1, the maximum of complement metric dimension of regular caterpillar graph is
[V(Cnn)| —2=mm+1)—2. Hence, W is complement basis of C,, and dim(Cppn) =
mn+1)—2. m

The complement metric dimension of irregular caterpillar graph is presented as follow.
Theorem 2. If Cyinin,,..n,, 1S @n irregular caterpillar graph then dzm(Cm 1y Mg, ) =(m+
xitin) —2,form>1andatleastonen, > 2 fork = 1,2,.
Proof. Let  V(Cnnyny.my,) ={cli=12,..,m}u {ai j|i =12,..mj=12,..,n} and
E(Counyny,.my) = {CiCis1li = 1,2, .., m = 13U {cia;j|i = 1,2, .., mj = 1,2, .., n;}. Let ny > 2. If
W= V(Cm;nl,nz,...,nm) \ {all: a12} = {Cl' 13y oy A1nyy €2, A21, A2, oo, A2y oo Oy A1y A2y -on
Qmn,,} then we have  ajy,a1; € V(Cinnyny,.n,,)\W  such that r(ay;|W) = r(as[W) =
1,2,..2,2,3,3,3,...,3,3,44,4, ... 4, ...,m + 1). Based on Observation 1, the maximum of complement
metric dimension of irregular caterpillar graph is |V (Comyn,ny,..n, )| — 2 = (m + X% n;) — 2. Hence,
W is complement basis of Cyp.n, n, n, aNd dim(Copninyom, ) = (M+ X2 0n) — 2. m

The following is the example of complement metric dlmensmn of caterpillar graph.
Example 1. Find the complement metric dimension and complement basis of Cj 5.

Solution:
a1 Q12 Q13 QAy; Qpp Gp3 (31 G3z 433

VA

Figure 1. Regular caterpillar graph Cs 3.

Based on Theorem 1, dum(Cs33)=3@+1)—2=10. Let W = {ay, a5 a3, ¢1,az1, 020,
@33, C2,A31,C3}. SINCE a3y, azz € V(C33)\W and r(as,|W) = r(aszs3|W) = (4,4,4,3,3,3,3,2,2,1) then
W is the complement basis of C3 3.

Example 2. Find the complement metric dimension and complement basis of Cs.3 ; 4.

Solution:
aj1 Q12 Qg3 QAzz Q31 Q3 Q33 34

\VAAVAZ

Figure 2. Irregular caterpillar graph Cs.3 ; 4.

Based on Theorem 2, dlm(C3;3'2'4) =3 + 3 + 2 + 4 -2 = 10. Let W = {all, aq1p,A93,C1, 021,027,
C2,031,032,C3}. SINCE a33,a34 € V(C3324)\W and r(azz|W) = r(azs|W) = (4,4,4,3,3,3,2,2,2,1)
then W is the complement basis of C3.3; 4.

3. Complement metric dimension of firecrackers graph

Before we dicuss about firecrackers graph, we must know about the path graph first. A path graph of
order n (B,) is a graph connecting vertex v; to vertex v;,4, where i = 1,2,...,n — 1. A firecrackers
graph obtained by taking n copies of star graphs and connecting the central vertex of a star graph to a
vertex of B,. The vertices of B, is called the backbone vertices, while the other vertices is called
pendant vertices. If the number of pendant vertices that is connected to a vertex of P, is the same then
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the firecrackers graph is called regular firecrackers graph. Otherwise, it is called irregular firecrackers
raph.
) E)I'he complement metric dimension of regular firecrackers graph is presented as below.
Theorem 3. If F,, ,, is a regular firecrackers graph with m backbone vertices and n pendant vertices,
then dum(Fp ) =m(n+2) — 2, form > 1andn > 2.
Proof. Let V(Fpn)={cli=12,..m}u{ali=12 . m}u{a;li=12..,mj=12..,n}
and  E(Epyn) = {cicipali = 12,... m— 1} U {qa;li = 1,2, .., m} U {aya;j|i = 1,2,..,m,j = 1.2, ..,
n}. Ifw = V(Fm,n) \{a11,a12} = {c1, a1, 413, @14, -, A1, €2, A, 21, A2, -, Aoy o) Ciy Ay At
Amz, ) A} then we have ayq, ay; € V(Fppn)\W such that r(ay; [W) = r(apIlW) = (2,1,2,...,2,
3,4,5,5,...,54,5,6,6, ...,6, ..., m + 3). Based on Observation 1, the maximum of complement metric
dimension of regular firecrackers graph is [V (Fp,)| — 2 = m(n + 2) — 2. Hence, W is complement
basis of F, , and dim(Fy, ) =m(n+2) — 2. m
The complement metric dimension of irregular firecrackers graph is presented as follow.
Theorem 4. If Fnp o, .n, IS an irregular firecrackers graph then M(melrnz_wnm) =
2m+Y2,n;)—2,form>1andatleastonen, >2fork =1,2,...,m
Proof. Let V(Ennyny.my,) = {6ili = 1,2, .., m} U {ayli = 1,2, ..., m} U {a;li = 1,2,..,mj = 1,2,
n;} and E(Fm;nl,nz,___,nm) = {c;ici+1i = 1,2, wom =1} U {qa;li = 1,2, ...,m} U {a;a;5]i = 1,2, ...,
m,j=12,..,n} Letny =22. If W = V(Fm;nl,nz,...,nm) \ {a11,a12} = {c1, a4, 43, ..., A1y, €2, A2,
A1, Q22 ) Qamys o » Cory Aoy A1, Amzs - A, + then we have  ayq, as2 € V(Epnyny,.n, ) \W such
that r(a1|W) = r(a:IW) = (2,1,2,...2,3,4,5,5, ...,5,4,5,6,6, ...,6, ..., n + 3). Based on Observation
1, the maximum of complement metric dimension of irregular firecrackers graph is
IV(Ensnyng,ng)| — 2 = @m+ X, n;) — 2. Hence, W is complement basis of F,.,, . and
(Jllm(anln2 )—(2m+Zl ) —2.m
The foIIowmg is the example of complement metric dimension of firecrackers graph.
Example 3. Find the complement metric dimension and complement basis of Fj 5.
Solution:

el

a1 Q12 Q13 QA1 Qpp Gdz3 (31 A3z 433

Yy

Figure 3. Regular flrecrackers graph F33.

Based on Theorem 3, dim(Fs3) =3(3+2)—2=13. Let W ={ay;, a1, a13 a1,¢1, 21, A2z,
y3, Az, C3, A3y, A3, C3}. SINCE A3z, ags € V(F33)\W and r(as, |W) = r(ass|W) = (6,6,6,5,4,5,5,5,4,
3,2,1,2) then W is the complement basis of F3 3.

Example 4. Find the complement metric dimension and complement basis of F3.3 5 4.

Solution:
a;; Qg2 Qi3 QAzz Q31 A3z A3z Q3g

VY'Y

Flgure 4. Irregular flrecrackers graph F3.324.
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Based on Theorem 4, dlm(F3;3,2’4) =23 + 3 + 2 + 4 -2 =13. Let W = {all, aqz, a13, a4, Cq,0a71,
Q2,03 C2,031,A32,a3,C3}.  SINCE  az3,azq € V(F3324)\W  and  r(ass|W) =r(asze|W) =
(6,6,6,5,4,5,5,4,3,2,2,1,2) then W is the complement basis of F3.3 ; 4.

4. Complement metric dimension of banana tree graph
A banana tree graph is obtained by connecting a pendant vertex of a number of star graphs to a new
vertex called root. If the number of pendant vertices of each star graphs is the same then the banana
tree graph is called regular banana tree graph. Otherwise, it is called irregular banana tree graph.

The complement metric dimension of regular banana tree graph is presented as below.
Theorem 5. If By, ,, is a regular banana tree graph with m star graphs of n pendant vertices, then
dim(Bp,) =m(n+1)—1,form>1andn > 2.
Proof. Let V(Bpn) = {r}u{gli=12,..m}u{a;li=12..,mj=12,..,n} and E(Bp,) =
{raipli=12,.., m}U{ca;li=12,..,mj=12,..,n} If W =V(Bpn) \ {a11,a12} =
{r,c1,a13, 14, -, A1n, C2,A21, A22, ooy Aopy s Crty Aty Amzs - A} then  we  have aq1,0417 €
V(Bpmn)\W such that 7(ay; W) =r(aplW) =(3,1,22,..,2566,..4,..,566,...,4). Based on
Observation 1, the maximum of complement metric dimension of regular banana tree graph is
[V(Bpn)|—2=m(+1)+1-2=m(n+1)—1. Hence, W is complement basis of B,,, and
dim(Bp,) =mn+1)—1. =

The complement metric dimension of irregular banana tree graph is presented as follow.
Theorem 6. If By n,..n, IS an irregular banana tree graph then dlm(Bm;nlan’wnm) =
(m+XY" n)—1,form=>1andatleastonen, >2fork=1.2,...,m.
Proof. Let V(Bmun,n,..n,)={r}u{cli=12, .. myufa;li=12..,mj=12..,n} and
E(Bmnyny,.mp) = {ram|i = 1.2, .., m} u{ca;li =1,2,...,m,j = 12,..,n;}. Let ny>2. If
W= V(Bm;nl,nz,...,nm) \{a11,a12} = {1, c1, 413,014, o Aingy €2, A21, A22, ooy A2y ooy Cmy Ay Az,
o @mn,,} then we have  ayq, a1 € V(Buing iy, n, )\W such that r(a;q|W) =r(a,|W) =
(3,1,2,2,..,2,5,6,6, ...,4, ...,5,6,6, ...,4). Based on Observation 1, the maximum of complement metric
dimension of irregular banana tree graph is |V(Bm;n1_n2,___,nm)| -2=0A+m+YX%r n)—-2=
(m+X n;)—1. Hence, W is complement basis of B, n,. n, ad dim(Bmmn,n,. n,) =
(m+XZin)—1 =

The following is the example of complement metric dimension of banana tree graph.
Example 5. Find the complement metric dimension and complement basis of Bj 5.

Solution:
aj1 Q12 Q13 Ayp Qzz Q3 (31 dzy Q433

r

Figure 5. Regular banana tree graph Bj 3.

Based on Theorem 5, dim(Bs3)=3(3+1)—1=11. Let W = {r, a;1,a12, a13,¢1,az1, 422,
@3, C, 33, C3}. SINCE azq, Az, € V(Bs,s)\W and r(az; |W) = r(az,|W) = (3,6,6,4,5,6,6,4,5,2,1)
then W is the complement basis of B; 3.
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Example 6. Find the complement metric dimension and complement basis of B33 ; 4.
Solution:

ai1 Q12 A3 dpq Qzz Q31 A3z Q33 (34

1 C2 C3

r

Figure 6. Irregular banana tree graph B335 4.

Based on Theorem 6, dlm(B3;3‘2‘4) =34+34+2+4+4—-1=11.LetW = {T‘, aq1,A92,0a13,C1,Aa21,0Aa327,
Cy, 033,034, C3}. Slnce asq, a3y € V(Bg;3,2,4)\W and T(a31|W) = T(a32|W) = (3,6,6,4‘,5,6,4,5,2,2,1)
then W is the complement basis of B33, 4.

5. Conclusion
Based on the discussion in this paper, we have six results on the complement metric dimension of
particular tree graphs which are:
1. dim(Cpp) =m(n+1)—2,wherem > 1dann > 2
2. dim(Copnyny.m,) = M+Xmin;)—2 for m>1 and at least one ny >2 for k =
1,2,...,m.
3. dum(Fy,)=m(n+2)—2 wherem=>1dann > 2
4. dim(Fpnin, .m,) = 2m+X" n;)—2 for m>1 and at least one ny >2 for k =
1,2,...,m.
5. dim(B,,) =m(n+1)—1,wherem >1dann > 2
6. dim(Bmnn,..m,) =m+2X2in)—1 for m>1 and at least one n, >2 for k =
1,2,...,m.
From the results above, we can conclude that if a tree of order n has twin vertices, then the
complement metric dimension of that tree is n — 2. This also applies to other graphs that have twin
vertices.
The development of complement metric dimension concept is necessary to further this research.
Inspired by Sebo and Tanner [15] and Okamoto, et al. [9], we can build the concept of strong
complement metric dimension or local complement metric dimension in the next research.
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