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Abstract. This study aims to investigate the properties of cartesian multiplication operations on
fuzzy graphs. The properties investigated are cartesian multiplication on complete fuzzy graph,
effective fuzzy graph and complement fuzzy graph. The method used in this study is a theoretical
research method. The results showed that the Cartesian multiplication of two complete fuzzy
graphs is not a complete fuzzy graph. The Cartesian multiplication of the two effective fuzzy
graphs is the effective fuzzy graph, while for the Cartesian multiplication of the two fuzzy
complement graphs, it is not the same as the Cartesian multiplication of the two effective fuzzy
graphs.
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1. Introduction

The development of science can never be separated from the role of Mathematics as a tool for
various sciences. One of the subjects of mathematics that has applied a lot to date is graph theory [1].
Graph is the simplest mathematical model that can represent the relationship between objects with points
representing certain objects and the connecting side between two objects represents the relationship
between the two objects. In the case of social networks, points can represent accounts or network users,
while the relationships between accounts are represented by sides. If the merits of the relationship are
measured by how often the two users communicate. then in describing this relationship a fuzzy graph
model dcs1gn 1s needed [2].

Fuzzy graphs have been initiated by Rosenfeld in 1975. Fuzzy graphs are an extension of classical
graphs that are developed based on concepts in fuzzy logic and fuzzy relations in fuzzy set theory
proposed by Zadeh in 1975. If in classical graphs each element (points and side) has a membership value
of one or zero, then in fuzzy graphs. each point and side have a membership value located at the close
interval [0,1]. The membership value of each of these elements states the degree of membership of the
element in a fuzzy graph [2].




Since this fuzzy graph was introduced, researchers began to generalize and develop several studies
mn classical graphs mto fuzzy graphs both in theory and application. modern technology especially in
the fields of information theory, neural networks, cluster analysis, medical diagnostics, and control
theory. Dey, et. al in 2013 had applied fuzzy graphs to solve traffic lights problems and Swaminathan
in 2015 had applied fuzzy graphs to job allocation issues [3]. In theory, Yeh and Bang and Zadeh in
1975 also introduced several concepts related to fuzzy graphs such as the concept of fuzzy connectivity.
After the concepts in fuzzy graphs were introduced, more in-depth theoretical results about fuzzy graphs
were given, including by Moderson and Peng in 1994 introducing the coneepts of operations on fuzzy
graphs including joint operations, joins, and compositions on two graphs fuzzy. Furthermore, Sari
(2010) defined the Cartesian multiplication operation on the Fuzzy M-Strong graph. In his article, Sari
has not reviewed the properties of cartesian multiplication operations on fuzzy graphs related to
complete fuzzy graphs, effective fuzzy graphs. and complementary fuzzy graphs [8]. Therefore. based
on this description, the purpose of writing this article is to investigate the nature of the Cartesian
multiplication operation on two complete fuzzy graphs. and Cartesian multiplication operations on the
complement of two effective fuzzy graphs.

2. Preliminary Concepts and Definitions

2.1. Fuzzy Logic
Definition 1

Let U be a set of universes with x € U. A fuzzy set A in U is a set of ordered pairs of elements x
with their degree of membership, namely [4][5][6]:

A = {0, ui(x)|x € U, uz(x) = [0,1]}

[ 1s a membership function that maps each x € U to an interval [0,1]. The value of pjz (x) in the
interval [0,1] 1s called the membership value or the degree of membership of the element x in A_ while
the interval [0,1] itself is called the membership space. In a strict set, members of the membership space
are only zero and one, so the fuzzy set is an extension of a strict set. The degree of membership indicates
the amount of involvement of a member in a set.

2.2. Graf Fuzzy
Definition 2
Let V be a non-empty and finite set. A fuzzy graph G denoted by ¢ = (o, ) 1s a pair of functions o
expressing the fuzzy set of V and p is a symmetrical fuzzy relation on o such that:
(Hho:V —>[01]
() p: VXV - [0,1]that fulfills p(v;,v;) < min{o(v;), o(v;)}, for each v;,vj € V
Next, o 1s called the fuzzy point set and p is called the fuzzy side set. The notation o(v;) in the fuzzy
graph represents the degree of membership from the point v; and u(v, v;) expresses the degree of
membership from the sides (v;, v;). For simple fuzzy graphs. apply u(v;,v;) = 0 for every v;, v; € V.
Fuzzy graphs can be represented in an image as a classic graph with points and edges that are
equipped with degrees of membership. For each v; € V. If a(v;) = 0 or u(v;, v;) = 0, then the fuzzy point
v; or the fuzzy side (v;, v;) 1s not drawn [2].

Definition 3 Basic graph of Fuzzy graphs

The basic graph of the fuzzy graph 6 = (o, i) i1s denoted by G* = (o°, u*) with a*referring to the
non-empty set V and p*# EcVxV Void graph with ¢" ={v € V]|g(v) >0} and p" = [v,-, v; €
E|u(vi,vj) > 0} [2].




Definition 4 Effective fuzzy graphs
A fuzzy graph G = (o, ) is an effective fuzzy graph if it satisfies u(v;, v;) = min{o(,), o(v;)} for
each (v;,v;) € E where E € V x V [3].

Definition 5§ Complete fuzzy graph

A fuzzy graph G = (o,p) is a complete fuzzy graph if it satisfies u(v;, v;) = min{a(v;), o(v;)} for
each (v;,v;) €V.

Based on Definition 4, every two fuzzy points on a complete fuzzy graph are connected by a fuzzy
side, whereas in an effective fuzzy graph not every two fuzzy points are connected by a side. So it can
be concluded that the complete fuzzy graph 1s an effective fuzzy graph but not vice versa [3].

Definition 6 Complement of fuzzy graphs

According to M.S Sunitha and Vijayakumar, the complement of a fuzzy graph G: (o, u) is a fuzzy
graph denoted G: (7, A ) where [7]:

1). 6 = o and

i). p(uv) = o (u) Ao (v) — pluv) Yu,v €V.

2.3. Cartesian Multiplication in Fuzzy Graph
Definition 7
Cartesian multiplication of two fuzzy graphs G; = (V}, Ey) and G, = (V3, E3) 1s defined as a fuzzy
graph (o, X 0y, py X i) at 6 = (V, E) where V =V, x V, and E = {((w, u,), (w, v,))|u € Vy, (1, v,) € E,}
U {(uy, w), (0, w)|(uy, vy) € Ey,w € V3
Fuzzy sets 0; X 65 and p; X 1, are defined as [8]:
D) (o1 X 0)(y,u3) = 03 (uy) A 0 (uz)
2) (py % ﬂz)((u: w,), (u, ”2)) = 0y (u) A py (up, v3), Vu €V, (up, 1) E E,
(g X l-‘z)((ulr w), (v, W)) =
wy (uy, vy) Aoy (w), V(uy, vy) € Ey

In (1), (o7 X 03)(uy,up) 1s a set of points in a cartesian multiplication operation or that should be
written (o; % a3)((wy,u,)), but so that it is shorter and clearer then written (oy X a3)(uy, u3).

3. Research Method

The research method used in this study is the study of literature on cartesian multiplication
operations on fuzzy graphs. Furthermore, this Cartesian multiplication 1s imposed on complete fuzzy
graphs, and the complement of effective fuzzy graphs. The results of the Cartesian Multiplication
operation are then set forth as the characteristics of Cartesian Multiplication operations which are written
in the form of systematic evidence.

4. Result and Discussion

Theorem 1
The Cartesian multiplication of two complete fuzzy graphs is not a complete fuzzy graph.

Proof'1

For example, given two complete fuzzy graphs G, = (o, 1;) and G, = (03, 45). The sides of the
tuzzy graph of the cartesian multiplication graph fuzzy G, and G, are defined as in Definition 7, namely:

E = {((w,up), (u,v,))|u € Vi, (up, ;) € By}

U {(ug, w), (v, w)|(uy, v1) € Ey,w € V2}

As a result the degree of membership of the side of (uy X p,)((uy,uy), (01, v,)) = 0 for uy # v, and u, #
V5. So that not every two points on G; X G are connected by a side. Based on Definition 4, the results of the
Cartesian multiplication operation G, and G, are not complete fuzzy graphs.




Theorem 2
If Gy X Gy is an effective fuzzy graph, then Gy or Gy is an effective fuzzy graph.

Proof 2
For example, G, and G, are not effective fuzzy graphs, it will be proven that G, x G, is not an effective
fuzzy graph.
Because G, and G, are not effective fuzzy graphs, then:
pr(uy,vy) < 0y(wy) Aoy (vy) (D
Ha(uz, v2) < 03(uz) Aoy (V) @

without eliminating the general nature, then from inequality (1) and (2) it can be assumed that
H2 (i, v2) < 3 (g, v4) < 03 (Ug) A0y (93) < 0y () for (g, up), (uy,v,)) € E, where E is defined as in
Definition 2.6, which is: E = {((u,uz). (u, vz))|u € Vy, (ug, v3) € Ez}

U {(ug, w), (v, w)|(uy, v,) EE, w E V3}

(TR #2)((“1:“2)-(“1:”2)) = oy (ug) A pp(uz, v2)
In accordance with the definition of Cartesian multiplication and inequality (1) and (2)
obtained: 11y x 15)((uy, 1), (g, v2)) = 0y (U) A 15 (3, 1)

< 03(uy) 03 () A oy (v2)

And (o1 x 03)(uy, uz) = 0y (wy) Aoy ()
(07 X 03) (W, ¥3) = 03(wy) A 03 (¥)
Then
(01 X 02) (g, Uz) A (07 X 02) (Uy, v3)
= 01(uy) A0y (uz) Aoy (uy) Aoy (v)
= 01(uy) Aoy (uy) A oz (uz) Aoy (v2)
= 01.(wy) Aoy (uz) Aoy (v3)
So obtained
(g % #z)((up uz), (uy, Vz)) < oy (uy) oy (uy) Aay(vy)
= (01 X 02)(uy, up) A (07 X 03)(uy, v2)
From this proof, it is obtained that G; x G, is not an effective fuzzy graph, so a contradiction is obtained.
So, 1f G, X G, 1s an effective fuzzy graph, then G, or G, 1s an effective fuzzy graph.

Theorem 3
For example given an effective fuzzy graph G, and an effective fuzzy graph G,. If Gf and G5 are fizzy
complement graphs of Gy and G, then G{ X G§ # G, X G,.

Proof 3

For example, given two non-empty sets V; and V,. Next are given two effective fuzzy graphs ¢, =
(o4, 114) and G, = (a5, 1), The graph Gf = (af, if) 1s the complement of the graph G, = (oy, ;). The
graph G§ = (0%, u§)is the complement of graph G, = (a3, ).

Based on Definition 6, Gf has a degree of membership point of (1) = o (u) and sides p§(u;,wy) =
min{oy (u;), o1 ()} — uy (u, u). This also applies to G5 having a degree of membership point 5 (v) =
02 (v) and sides u§(v;, vy) = min{of (v;), 05 (V) — w2 (vi, vie).

Since G, = (oy, i) 1s an effective fuzzy graph, it can be said if p, (u;, ) = min{o, (u;), oy (wy)}.

This means p$ (w, wy) = min{oy (w;), oy (w )} — min{ay (), oy (wy)} = 0 in other words (u;, uy) € Ef.

Similarly, because G, = (s, ;) is an effective fuzzy graph, it can be said if (v, v,) € E; then
12 (V5 Vi) = min{o,(v)), 0, (1)),

This means pS(v;, vi.) = min{o,(vy), 0,(v)} — min{o, (v;), 0,(v,)} = 0, in other words (v;, v,) & ES.

Then according to Definition 7. the Cartesian product of Gf and G§ is denoted by Gf x G5 =
(of x af, u§ x p) is a function pair with :

(of x a§)(u,v) = af (W) A o5 (v)

oy (u) Aoz (v)
(03 % 03)(u, v) 3)




(uf x u§)((u, v), (u, vi)) = of (W) A § (v, vg)

af (W) A0
=0 )
(s > 15 ((us v), (U, 1)) = pE (g, ) A 05 ()
=0A05(v)
ED (5)

As a result of equations (3) to (5), it is found (of % 65)(w,v) = (ay X g2)(w, v) but (uf x
E9) (@ v), (w,vy)) = 0 and (i x pS)((wy, v), (wy, v)) = 0. Thus it is proven that Gf x G§ # G, X G,.

5. Conclusion

Based on the discussion that has been explained in the Thesis with the title "Properties of Cartesian
Multiplication Operations in Complete Fuzzy Graphs. Effective Fuzzy Graphs and Compressed Fuzzy
Graphs" it is obtained that:

1. Cartesian multiplication results from two complete fuzzy graphs are not complete fuzzy graphs.

2. The results of cartesian multiplication in the complement of two effective fuzzy graphs are not
the same as the cartesian multiplication of the two effective fuzzy graphs.

Properties of Cartesian multiplication operations in two fuzzy graphs can also be associated with
other operations, so it is necessary to investigate the relationship of cartesian multiplication operations
with other operations such as modular, tensor, normal, composition, homomorphic multiplication in two
fuzzy graphs. Also, cartesian multiplication operations can be developed from n fuzzy graphs. Do the
properties of the Cartesian multiplication operation on two fuzzy graphs also apply to Cartesian
multiplication of n fuzzy graphs?.
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