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The local strong metric dimension in the join of graphs
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Tumeki=n. Indimgsia
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Ahstrcl. Let G be w conmected graph. A werhex w o saxd 1o strengly nesalve 2 pam o, v ol
ventices of £ IF ere xisns wome shnrlest & — w path enaimmg v or soise shamest ¢ — o peth
cronaimmmg i A Al Wool vertges 8 8 0cal siromg resalving s for G every pair of sl jeos
werices of G & dragly esolved by some venes of W The smalles confimaliy of o local
ATOng Fesnlving ser B O 6 called ihe local svong meiric dimemsion of G In this paper we
studied 1he Jocsl sirong metric dimemxion @ the joim ol graphs, We wee the patk, owle,
coanpkzle, amd star praphs im s udies.

1. Introad metinn

Ciraph theory Is o subpe b mathemathes which first mtmdoced by g Swiss mathematic sn named
Lesnard Euler in 1736, as an effort i solve the Konigsberp Bridge problem |4 ). Graphs sre used b
mepresent diserete objecns and the relatiorships Betwaen those obpeets, The visual seprosentaion of a
grnph s 1o represent objects as verticss {podes) and the wlatonships between objects as odges [2),
Cine of tlee stwdics that continue to develop in graph theory is matne dimensson

The concept of merric dimension o gruph theory hos been immducsd sepamiely by Slater in 1975
and by Hareary aed Mebier i 1976, Slawer mrelanes the problem of metnc dimetsions to determine te
number of sonar detection toods in 2 netwark 8] while Hamury defines metnc dimensions through the
s¢f of differcoteators, This corcept can be used o distinguish cach point en @ praph & by deiemining
i reprosentation again the sot of vertices fom & [V, The concepd of metiee dimension then was
developed into local metric dimensions by Okmmpdo e al, [T]. This concept states thadt every adjacen
wirtices on a graph has dafferent represeracion fn segard to bocal differentiators [3], Okamom o al,
abtamed the resull that a nomrivial connected graph & has kocol metric domenson i — 1 it and onby it
& is compleie gaphs. Also, graph & has a bocal meine dimenson of 1 il and only (& = biparse
wraphs,

Aniher cenvelopesd pomeept of metric dimersian i strong metric dimension, This concept ig@foord
by Seba and Twwier in H04. A verles W is snid o stroegly resolve o pair u, @ of vertices of i there
exists some. shorest W - w path containing w or some@ortest ¥ - w path concaining a |6 A set tha
cortnins those vortices i5 called skong resolving sct of &, The strong meiric dimension of & = the
smillest cindinalite of swong resolving sct. denoisd by sdimil§). The concepd of storg metric
imensin then developed nto |ecal strong metrie dimersson [0]. A set W of vedices is a locol strong
resolving sed for & i every pair of adgcent verbicss of € i swongly esolved by some veries of W,
The smaflest cordimality ol o locul gmng reselving sct for o is colled the bocal strong metric dimensinn
off &, denoted by dimg {67, Several resulis regarding loeal strorg metric dimension has b found in
path graph, siar graph, complete graph, cycle graph, ond graph mesulting from comoma proghoce,
ml'nlnllulnlhn wiirk piay P aae] omsde e deves o The Uresatae Camions AErdailam § klicsice Any Railler i o

ol sk wracd instrtoen sl buliow . e aniboria s and te bl o e wirk, oo ciluiam aind CEIL
Published e lceree by 10 P hing Lid 1
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Research on lisal strong mectne dimension has been carrbed out By Sousilovwatl @ al [9) on k =lewel
ocomnn product graphs. The next research wos comducted by Sutandgi et al. [ 10] on corfesian produact
uraph. Furhenmore, arch nn the graph resulting from . jein operation has been corried out by
Kuzink ¢ al. [5] w et the drong marie dinension,

Theretore, m this we discuss the local streny metic dmwenson inthe join of graphs.
Therem LT {107 Ler 6 B o comieried grah o ender m = 2, then

ot (6 = 1 i ard oniv G v hipartte graph

et L6 = | = 1w oy 6 fe complere gripd
Theoram 12 (9] Lor By he a path groph, ©y be a cicle, and 8y be @ star graph, then

Lolimg{ Pyl = 1
1 ifmiseven

IodimlC,) = {3 i s odd
Iodimg, (5.0 =1

2. Lecal stromg metelc dimension of Ky + &

In this section. we oblained e local strong melric dinsension io the jgein between a wivial graph (&)
and 7, whene & s cne of the following praphs, which are poth (B0, cvele (G, ). complete graph (8,0,
anl star graph (5,

Bedor= we dizcuss the local stong melrnc dimenson in those gmphs, we need f knew the symbol
of e v] which denotes the shomest path berween veres w and vertexn v, If WS F(E) is 0 local
simm g esolving set, then a venexs w € W is saidd w stmongly resalve an aliacent pair w, v of verices of
GIf 2 € e, w] or v B 12w W doonot bave o check every adgaoont vertices im0, just adjacem
wertices in & other than W,

Ciznerally speaking, if (7 15 graph resulting from join epertion then diam{G) = 2, where dicm(E)
is dinmeier of § which is dinm(G) = mas, sy d (090, S, inthe joinof grphs, #lue) =20l o
anel © ure nod ol jacent verfices

Thearem 20 Lei &7 be o goim graph Ky + B, witere By iv o patft, then dimg{G) =2 if2 = n = Sand
241 for(n - Hmad 4 <3

altmp (] = it o= 5 owhere [®] = feerm 23 2m o4 1o

"T"]+ | forin—Emod $ =3
1% IR
Proaf,
Let V(G) = {e}weyli = L2, ....onfond E[6) = [er]l € L 2 n)w{1my|i= 1.2, .t — 1}
Case l.FarZ =n =5
Let W= {e, peea ] il it s odd and W = {c, ve] il 0 b even. Then for every pair of adjsoen venioes
T i

in VLG WY
i (1 B d = 1 B [0 e e] or g & Mlagapoyegl
i [ =« € Hw vyl whess vy ad 1wy are not odjacent
Ko, Wis o kocal stoong resodving 5= of 6.
Mant, we will prove that W s the locad strong resolving set with the spalbest cardinaldy. Take any
st W' V) whers [W'| < 2, sothere sre two option of W' shich e
i W' = e} then lor o par wljscent verticr (i, g = v B e el aml v @ ey el S
W' = {c}i=nat o bocal strong resoving set of
ii.ll W' = |} then for o poir udjocent vertice (6,0, ] — 10 @ Hoow ) and ¢ & Mege ] So
W = e ] be mot o deeal streng resolving sef of &,
Basod om the argument above, WY where W] = 1 65 ned a keal strong nesalving sel ol 7. Tlerefore,
W Qs dhe loval serong resolving sed with the smallest candinality. Thas, dimg {61 = 202 =wu = 5.

(8]




ICCCrRA W T | 1CHE Publehing
Journal of Fhysics: Conlenawe Serics 21T Q22T G100 Bod: ] 0 TOEESE TE2A659061 1577 L 200

Case I Formn =5
Let W= ol =00 L[] i G = mod 4 < 3 and W= fgafi = 00 2o

|eg fif [ — 3jenge 4 < 4. Then for every pair of adjcont vertices in 1[G W
L (g rg) = oy € Mg m)

- o =3
L (Ve Taras) — Bigad € rgas vges] fori = 01, 11_1

B (Vhias Vaiss) = Puiss € MPuas. LT n_:u] fari =101, ----IHTJ]
S, W is o bocal stroig resedving set of &,
Ml wie will prove that W s e Tocal sinmg resolving set with the smalbesl cardimaliy. Take any
0 WD PG where W] < W) Suppose W = W = {a} whete a € W then!
i. W' =W — 1] then for o pair odjacent wertice (v, t7p ] — oy & Te, w] and vy & ey, wl,
where w € W', S0 W isnot alocel strong resolving set of 7.
B W = W = [vaas] whers k = 12|¥] then far 2 puir adjacent vertice (P e g Vangs) —
Taie1 B g zw] and 150,20 & 1[ine, . w], where we W 5% W' & not a local sthonp
rimnlving s of G,

Based on ths argument above, WY where W] < W] i not o local strong mesabving st of 6
Themsfore, W is the local soong resolving e with the sanallest cadinaliny. Thus, - dimg (&) =

I% +1 forin—3mod &< 3

T i m o 5. .
=3+t forin—zmod4 =3

Theorem 2.2 Ler & be a join graph Ky + O, wilere Oy & @ codle graph, sben dimgiG] =3 if
3= n =5 iad dimpC) = F-:—’] 41 a5 wliere X == pm for o o x o0 w4 ] and mde ey,
Prosif,
Let V(&) = fepu [wli = 1.2, —.n] and E(G)={erli = 1.2, ...n} U [wa,i= L4 . .n—=1]U
(o]
Cose l.Fork=n=5

Let W= [o,vg e il w s odd amd W= {o, vy, v} I b= even. Then foe every patr of wdjacen

2 2

vertices in ¥ (G )W
b epend = oy & Mg ] or oy & Teg, vy
b (v wie) = B € e vz orw € Tvic vl
BL (e i) = coe duy, vp) where by aind vy ane nol adjacen
Sa, Wois a bocal strong resolving sa of &,
Maxt, we will prove that W is the local strong resolving sct wcith the smallest cardinal®y. Take any
sl WS VG where [W'] < 3, sothere are theee option of W which are;
LI W= (o] then o o paic adpond verice [ B, Paed = W B IV c] and w8
Mg el S0 W = [ o) B oot o boeal pireng fesolving sel of G,
ii. H W' =[w,v,4} then for a pair adpcent vertice (o, v,5) =+ ez & M, v] ond e @
Morer wipi] o Bo W = oy, v} s mota local strong resobving set of G.
il W = ], where 2 omd vy are pol adiacent, then for & pair sdgcent vertice (o, 1, ) =
Pigt & feyw] and ¢ € |'|1.I|,..1. |:;.|. Bo W' = [, ] is not o local s2rong resolvieg st of G,
Bas=d on the argument nhova, W where W] = 2 is ned a benl stmng esobving set of G Therefore,

W a5 thg local stroag reselving set with the smullest cardinal ity Thas, dimg{G) = 3if3 =m = 5.
Cose 2.Form = 5

Let W = [y |1 = 0,1 ., [57]] Thon for every pair of adjacen vertices in ViGI\W;

—L
b (Wisz Paisa) = Baisz € v Vs for ] = 001, n‘

-1
L I:-I-"+|'.|.!_| Py ...1_| == P ] |'| TP I-?“r.,_:]_" | fap | = 0,1, ..._l-rrr-‘-r-
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Bl (ol = 0 @ 1wy, Wypeg | For d = 1,3, ...I"_"I
Sa, Wie o bocal strong resedving st of &,

Next. we will prove that W is the local strong resolving set with the smallest cardinality. Take ony
sel WS P(G) where [WY] < | W), Suppose W' = W — {ie) where @ 8 W, then il W7 = W — [}
where k =‘EI,|_...-_.['T:] then far o pair adjpomt vertive {0 oo Bl — Pigas B I rgpes w]| ond
tages B 1oy, W], where w E W' . S0 W7 is not a local srong resabving set of &

Bised an the argument above, W' whero |W') < W) is pot & local gmong resolving sck of 0.
Therefore, W is the Iocal strong mesolving set with the smallest cardmality, Thus, dimg (G | = [";] +

125 L

Theorem 23 Let G be g fein gropgde K + Ky whieee K fs o comelere graph with oonder n 2 3, tlor
it () =n

Frouf.

Lat'(e) = {c}u{m|l =1 = n}amd E(G) = [ewmll = 12, .- m}u{nm|Ll = L2 ., n)

Groph & = 8y + Ky is isomerphic with groph Kpq o Based on Theerem 10 dimsg (o =n+1-

1 = 1. Thus dimg{G) = 1. [ ]
Theorem 248 Lot [ Be o foin graph K+ 5, where 5 I o sor graph wii ordes 102 20 then
dimmg, [5) = 2

Froul.

Lea ViG) = {obw [egli = Bl mband ELE = [ewgdi = 00 onbu [vge |l = 1.2, .00
Supparse W= fo, 2] then Tod every pali of adjacent verrioes o F{GE)
i [eay)—=cElfm.c]iori =11, ...n
b (1, 3 ) = vg € Mim.ug] ki = L2..0m
Sar, Wi o local strong restdving sa of 6.
Mzl wi will prove thal Wis e local sirong resolviog set with the smallesl candimslidy. Take any
sai WY C VG where W] = 2, sothere are three apteonr of W which are:
i. I W ={c] then tor o par adjocent vertice (1, 5] —= v & J[wg,c] and vy & T o], 5o
WY = [} is not o kogal strong resollving st of &
ii H W' ={eg] then for a pair adjmcent veriee {com) —= w € e wy) aod ¢ € e, m], 5o
W' = g ] s nod @ docal dirsig fesolving setod G
iii. W W =[v] where k = L2, ....n, then for o pair adjocent vertice {5, v) — 17y & e, o] and
£ & Mwg vl So W = {rg] is nat a local stmng resabving set of 6.
Based on the argument obove, W where [W] = 1 i 0ot a becal smong nesobving sel of §. Therefore,
W is ahe loval soroeg vesolving et with the samatles candinaliny. Thas, dimg( &) = 2. 5

A Loscul strong metric dimension of & + 0

Im thiz section. we ger thi bogal grong metrie dimession in the join of geapha, € 4 H, with & and B be
a onnecied graph. First, we discuss the properties of the Iocal strong basis of & + H, Locul stmng
Basis i b Jcal sireay fesolving et with the medinum cardinaliay and this cardanabity g5 called
loaal siecme meiee dirmesbon.

Lermmwic 3.0 Led W= Wy UWS e the bocal srrone dasts of & 4 H where Wy EV(E) and W £
VI, where [WIGD] = 2 and IWOHY 2 2, shen dimy (6 + 1 2 3 0 Wy 2 @ond Wo e B
Frood. Let W06 = [ull = 1.2, ...n} amd WH)} = (i =12 .. m]. Fusl we asswimee s
Wi=90aor We=0. If Wy =01then W = Ws. 5o, for 2 pur of adjorent versoes [Hi.uj}—'- ;g
Ty, we] and wy € e, o] where v € Wy, O the other hand, if We = @ then W= Wy 500 for a
pair of adjacent vertices (v, v ) - w € Mvpug] and vy @ Mwuy] whire g € Wy Therefore,
W, =@und W3 =8
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Maxh, iF we ler W= [y, 1) then for o pair of odjacent venices {u,.vll:l where uy adpcent with ug
and vy adjacent with vy opplics vy € Maeg ug] ond sy € Iy e ] So, W owith oeo clenwats is not the
Iowsal stnomg basis of 6 + W Thus dimg, (& + H) = 3. L]

Lemma 3.3 Les the join of sar congectad graphy, G+ 0, with [FIEY = noand [F(H)] =m0 ol
VIG+ M) =fwli=12 .. nbulwli=12.. m dhen d{u,m)=dlv,w) =2 0 w b oner
cidfircent fo by ang 8 i meradiacend b 8. Futhermore, d{ui. 1.rﬂ =1.

Frool. Sioce WOe+ N = [l = L2 . omlufwll =12, .. om] mhen we € EQG+ H). This
dlmwy] = L Next, since uy is not adjacent to wy and W is not adjscenn o vy then d{u,-.urj & 1 qend
diw.w] # 1 Because diami{G + H) = 2 thon d{uw, u;) = div, 0] = 2. L]

Lising e bermma alxvee, we gel the local sireng metric dimension of O + 8 which s s@ed o e
frdlonwimg therem.

Theorem 34, Let & be o commecied graph with ooder n 2= 2 and W be a comnected groph wadh order
m = & then

[dim (K, + G+ dim (K, + H)y i diamiGy > 2and dicowi H) = 2

I dien (K, + G+ dim (M) if o srerel 7 ) = 2 and dbeuire] H) £ 2
dim A +H) =1 dim 65+ dim (K, + H) if el (7= 2 and i ) > 2

I ) . il eliewrefCry < 2 amd ofierm H 1 = 2

l dim A+ dm  {H 1+ 1] or dim, (7 <din () =1

Proof. Let ViE) = [gli = LI .o nl VEN) = [1)i = L2, -, mL VG + )= VEY U V{H], amd
EG+H)=E[G)UEHIU [weyli=12,.. m;] =12 .. ,m]. Suppose W =W UW, wher
W = ViE) and W5 2 PN In onder 1o ges the minimum cerdiralicy of W, we per Tour cases which
ne

Case 1. If dlam (5] = Zand diamH]) = J

Accornding 10 Lenma 3-.2.4:!I:u|,u_,-} = vufl:_'l.'l. L-'J-:] = 2oty 5 o admcem o wy and 5 is nod adjacent ko
. In omcler 4o satisfy thie lemma in this case, [ = dimy, {R, + &) ond [B5] = dimg (8, + 1T} Sa,
dimyg (6 + I} = dim (K, + 6 + dimg (€ + 1) if diami{G) = 2 aod digm (i) = 2.

Case 3. If ailamif] > 2and diagm{i) =2

Arvcomding i Lemima 3.1..:![11._.HJ} = .:fl::ul_. Li:l:l = Zif 1y is ot admcent io u, and o is nod ad jacent o
v In order o sobisfy this propertics i this cme, W] = dimy, (K + &) while |W| = dimy{h)
hecamse diom{H) < 2. Sa, dimy{& + N = dim, (K + 0% +dimg({) if diomi{G) =32
digm(H] = 2.

Case X If adlam (6] = 2 and diamiif) = 1

Acconding 0 Lemma 3.2, (w. ) = d{v, ) = 2 il w; s m adiocem w w, and oy is pot adjocent o
vy In arder & sutisty this properties in this cse, [W,] = dimg{6) because diven(G] < 2 while
W3] = dimy (Ky + HY. So, dimy (6 4 #) = diing(6) + dimg (K + B} if diom{G) €2 amd
digmii}) = 2

Cose d. If dizom (&) < Zand digm(#) < 2 or dim, (6} = dim () =1

Sinee diaom{E) =2 and digm{H) =2 then |W)] = dimy (6] ond (W] = dim(H). Asawme
dimy (& + M} = dimg{ &)+ dimy (F} Lel ug € W5 amd oy € W5, then tbere i a paic of adjacent
vertice (20, 9} where wp & Wiy & W g adliacent with wg., el vy adiacem with we that applies
uy @ I € vom] ooy € ), and o @ oy o). So. dimg{6 + B 2 dim(6) +
dim(H). Fodlowing Lemma 1.1, dimg(F + H) = dimg(6) + dimgi#) + 1 iF diomic) = 2 am
diem{H) =< 2 ardim (&) = dimg [N} = 1. u
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Lising Meofenis in Sectm 1, 2, arel 3 we can pef the Bcal srong neiric dirmeosian ol &+ H i &
and W are twn of the todlowing pmphs, which are path (). cycle (O, 1 complete grph (8, ], and siar
graph (5,0, Since dimm(F, ) 2 2, digm{C, 1= 2 for n = 5 and diam(K;) = 1 = Z diami5,) = 2
then according io Theorem 3.1

i dim (f + Fe) = dimg 0 + Fod o+ dimg (6, + a0 i o 2 5

i afimy (Fy + O = dimy, 0K + F0 + dimy, (K + Cndifnom = 5
L dmy, (Hy + Kp) = dimg (R 4 Fy) + dimg (K
. dlimy, (B + 55 = dimg (K, + B+ dimg (55
v. dlimy [y + Ol = dimy (K + Cp )+ diengg (i + Cg ) i nomme = 5
vii  limy (Cn + M) = dimg [Ky + O )+ dime (K0
Vi im0y, 4 S b = dimig (] 4 ) 4 dimg (5, )
viil, ddimy (K, + K} = dimg () + dim (K, ]+ 1
. ilimy (K 4 S = dimp (0 ] 4+ dimg{S.) + 1
Koo M (Sn + Sl = dimg, 05,0+ ding, (5.0 + 1

4. Conclusion
In thes paper we get the resalt reganding local strong metric dimension in the join of graphs & + o
which 15
[dim (&K, +Gy+dim (&, + H) i digm{G) > Jand diam(H ) = 2
dan (K + el i, [ H ) i efiem(ii) = 2oand aiamiH )< 2
s s =4 dim (G +dim (K +H) i diemiE) < 2 ond diae] H =2
il cfemin = 2 amd i = 2
ordim (67 = dim, (=1
I 1he fexh reszarch, we sapgest other researchers & develop e comcepl ol local sireng melsic

dimenson irdn another concepd of metric dimension, for example bocol song complement melric
clime=ns .

dim ()4 dim (H )41
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